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Abstract 

A four-dimensional timelike brane is considered as the boundary of the SAdS^ 
bulk background. Exploiting the CFT/FRW-cosmology relation, we derive the self- 
gravitational corrections to the first Friedmann-like equation which is the equation of 
the brane motion. The additional term that arises due to the semiclassical analysis, 
can be viewed as stiff matter where the self-gravitational corrections act as the 
source for it. This result is contrary to standard analysis that regards the charge of 
SAdS§ bulk black hole as the source for stiff matter. A very interesting feature of 
the solutions of FRW equation is that they all (for k = 0, ±1) have a non-vanishing 
minimum value for the scale factor. 
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1 Introduction 



Black hole thermodynamic quantities depend on the Hawking temperature via the usual 
thermodynamic relations. The Hawking temperature undergoes corrections from many 
sources:the quantum corrections, the self-gravitational corrections, and the corrections 
due to the generalized uncertainty principle. 

There has been much recent interest in calculating the quantum corrections to Sbh (the 
Bekenestein-Hawking entropy) pQ- ^Hj- The leading-order correction is proportional to 
In Sbh- There are, two distinct and separable sources for this logarithmic correction 
[121 E3] (see also recent paper by Gour and Medved [T5]). Firstly, there should be a 
correction to the number of microstates that is a quantum correction to the microcanon- 
ical entropy, secondly, as any black hole will typically exchange heat or matter with its 
surrounding, there should also be a correction due to thermal fluctuations in the horizon 
area. In a recent work Carlip [2] has deduced the leading order quantum correction to the 
classical Cardy formula. The Cardy formula follows from a saddle-point approximation 
of the partition function for a two-dimensional conformal field theory. This leads to the 
theory's density of states, which is related to the partition function by way of a Fourier 
transform [TH] . 

Concerning the quantum process called Hawking effect [2H] much work has been done 
using a fixed background during the emission process. The idea of Keski-Vakkuri, Kraus 
and Wilczek (KKW) [21] is to view the black hole background as dynamical by treating 
the Hawking radiation as a tunnelling process. The energy conservation is the key to this 
description. The total (ADM) mass is kept fixed while the mass of the black hole under 
consideration decreases due to the emitted radiation. The effect of this modification gives 
rise to additional terms in the formulae concerning the known results for black holes |22j ; 
a nonthermal partner to the thermal spectrum of the Hawking radiation shows up. 
The generalized uncertainty principle corrections are not tied down to any specific model 
of quantum gravity; these corrections can be derived using arguments from string theory 
j2B] as well as other approaches to quantum gravity [23]. 

In recent years, there has been an enormous amount of research into two important 
areas of the theoretical physics:branworld cosmology and the holographic principle. The 
braneworld scenario gained momentum as a solution to the hierarchy problem [23 EH EZj • 
The holographic principle, meanwhile, was first realized in string theory via the AdS/CFT 
correspondence [2U [23 EO]- Much attention has currently been paid for the duality be- 
tween de Sitter (dS) gravity and CFT in analogy to the AdS/CFT correspondence [SI] (for 
a very good review see also [H2])- The essence of braneworld holography [33]- [HI] can be 
captured in the following claim : Randall-Sundrum branworld gravity is dual to a CFT 
with a UV cutoff, coupled to gravity on the brane. Formal evidence for this claim was 
provided by studying a brane universe in the background of the Schwarzschild-AdS Bblack 
hole. The introduction of the black hole on the gravity side of the AdS / CFT correspon- 
dence corresponds to considering finite temperature states in the dual CFT j3K]. In the 
context of braneworld holography, Savonije and Verlinde demonstrated that their induced 
braneworld cosmology could alternatively be described as the standard FRW cosmology 
driven by the energy density of this dual CFT [3§1 [33] 

In the present paper, we take into account corrections to the entropy of the five- 
dimensional Schwarzschild- anti de Sitter black hole (abbreviated to SAdS 5 in the sequel) 
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that arise due to the self-gravitational effect. Previous studies of the Cardy-Verlinde for- 
mula (or the corresponding Friedmann equation) in an AdS / CFT context have attracted 
a lot of attention. For instance, the author with Vagenas have shown that the entropy of 
Achucarro- Ortiz black hole (a locally AdS space) can be described by the Cardy-Verlinde 
formula jlU] and the self-gravitational corrections to this formula have been computed |41 . 
By introducing the self-gravitational corrections to the Cardy-Verlinde formula, we find 
a host of interesting cosmological solutions for the brane universe. Their most remark- 
able feature is that the self-gravitational corrections allows for a nonsingular transition 
between a contracting phase of the scale factor of the brane, and a following expanding 
stage. 



2 Self- Gravitational Corrections to Cardy-Verlind For- 
mula 

In the asymptotic coordinates, the SAdS 5 black hole metric is 

ds 2 = -F(r)dt 2 + -^--dr 2 + r 2 dftL, (1) 
F\r) K ' 

where 

F(r) = l-^ + r 2 , (2) 

and we work in units where the AdS radius 1 = 1. The parameter \i is proportional 
to the ADM mass M of the black hole. The free energy, F, the entropy, S, and the 
thermodynamical energy E, of the black hole are given respectively, 

F=^f(r%-1), S = ^f, E = F + T H S=^r. (3) 
16vrG 5 V h h 4G 5 ' 167tG 5 V ; 

where G5 is Newton's constant in 5 dimensions and V3 is the volume of a unit 3— sphere, 
and th is the horizon radius. 

We are interested primarily in the corrections to the entropy (JHJ) that arise in the context 
of KKW analysis [21] 1 due to self-gravitational effect. We take into account the response 
of the background geometry to an emitted quantum of frequency u. The particle travels 
across the horizon from to rj which are given by 



n = Jl/2(Jl + Afi-l) (4) 



77 = ^1/2(^/1 + 4^-1). (5) 
To first order in the emitted energy (u), the afore- mentioned radii are related as follows 



1 Further developments in KKW analysis can be found in |22j . 
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Consequently, the change in the entropy of the SAdS 5 black hole during the process of 
emission takes the form 



AS = S,-S 



f 



OJ 



T{oj) 



(7) 



where Sf is the modified entropy of the SAdS 5 black hole due to the self-gravitational 
effect, Si is the standard formula for the entropy (Bekenstein-Hawking entropy) derived 
when the black hole mass is kept fixed, and T(u) is the corrected temperature of the 
black hole horizon Th due to the self-gravitational effect. The expression for the modified 
temperature of the black hole horizon is given as 

(2r 2 + 1) 

To first order in oj, the corrected entropy of the SAdS 5 black hole reads 

2-KTi 



Sf — Si 



(2r 4 2 + P) 



OJ 



(9) 



Due to the AdS/CFT correspondence, we are now ready to evaluate the corrections to 
the Cardy-Verlinde formula for the entropy of the SAdS§ black hole. The Casimir energy 
for the spacetime under study is given by 



E c = AE 4 - 3T H S t 
where the four-dimensional energy E±, is given by |HH| 

IbirG^r r 



(10) 
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where + corresponds to the black hole horizon and — to the cosmological horizon. It is 
easily seen that, to first order in u, the modified Casimir energy takes the form 



£c — Ec oj 

r 



(12) 



Due to the self-gravitational corrections, the modified Cardy-Verlinde formula for the 
entropy of the SAdS^ black hole is given as 



S, 



2nr 



CFT 



(13) 



Using equations (fTUj) and ((H)) , the modified Cardy-Verlinde entropy formula becomes 



2nr 



CFT 



3 \ 



Ec oj 

r 



{2E A - E c ) 



-OJ 



(14) 



and keeping terms up to first order in the emitted energy oj, it takes the form 



5, 



CFT — i~>CFT 



Scft (1 - eoj) 



(15) 
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where the small parameter e is given by 

£= rE c (2E,-E c ) • (16) 

A welcomed but not unexpected result is that there is no entropy bound violation due to 
self-gravitational corrections to the Cardy-Verlinde entropy 2 . 

3 Self- Gravitational Corrections to FRW Brane Cos- 
mology 

We now consider a 4-dimensional brane in the SAdS^ black hole background. This 4- 
dimensional brane can be regarded as the boundary of the 5-dimensional SAdS§ bulk 
background. Let us first replace the radial coordinate r with a and so the line element 

ds 2 = -F(a)dt 2 + -J--da 2 + a 2 dtt 2 (3) , (17) 

It was shown that by reduction from the SAdS§ background (JT7j) and by imposing the 
condition 

^ \ ( dt\ 2 1 (da\ 2 . . 

- FW l*j + W) U?) =_1 (18) 

where r is a new time parameter, one obtains an FRW metric for the 4-dimensional 
timelike brane 

ds 2 (A) = -dr 2 + a 2 (T)dn 2 {3) . (19) 

Thus, the 4— dimensional FRW equation describes the motion of the brane universe in 
the SAdS$ background. It is easy to see that the matter on the brane can be regarded as 
radiation and consequently, the field theory on the brane should be a CFT. 
Within the context of context the AdS/CFT correspondence, Savonije and Verlinde stud- 
ied the CFT/FRW-cosmology relation from the Randall- Sundrum type braneworld per- 
spective [34J. They showed that the entropy formulas of the CFT coincides with the 
Friedmann equations when the brane crosses the black hole horizon. 
In the case of a 4-dimensional timelike 

ds 2 {4) = -dr 2 + a 2 (r)dn 2 i3) , (20) 

one of the identifications that supports the CFT/FRW-cosmology relation is 

" 2 =(^) 2 S 2 (21) 

where H is the Hubble parameter defined by H = and V is the volume of the 3-sphere 
(V = a 3 V^). The 4-dimensional Newton constant G4 is related to the 5— dimensional one 
G 5 by 

G 4 = jG 5 . (22) 



2 A violation of the holographic entropy bound was observed when self-gravitational corrections to the 
Cardy-Verlinde entropy formula of the two-dimensional Achucarro-Ortiz black hole were included 0T] 
(see also 



4 



It was shown that at the moment that the 4- dimensional timelike brane crosses the cos- 
mological horizon, i.e. when a = a&, the CFT entropy and the entropy of the SAdS§ 
black hole are identical. By substituting (fTK|) into (j'21j) . we obtain the self-gravitational 
corrections to the motion of the CFT-dominated brane 



H 2 



(2GC 1 
V V 



$CFT ( 1 



euj) 



(23) 



It is obvious that from the first term on the right-hand side of (J2H|) we get the standard 
Friedmann equation with the appropriate normalization 



at 



-1 8ttG 4 



-P 



(24) 



where p is the energy density defined by p = E±/V. Therefore, the correction to the 
FRW equation due to the self-gravitation effect is expressed by the second term in the 
right-hand side of equation ([23)1 . Keeping terms up to first order in the emitted energy 
(lu), the modified Hubble equation due to the self-gravitation corrections is 



H 2 



8tvGa 



-P 



2E 4 



1 (2G 4 



a& V V J V 3 



f27ia b \ 2 

1 ■) u 



(25) 



Taking into account that all quantities should be evaluated on the black hole horizon, the 
modified Hubble equation, i.e. the first Friedmann equation, takes the form 



H 2 



-1 8nG 4 



87rG 4 



-p 



4ttG 4 



p 



to 



(26) 



where the volume V is given by afV^. At this point it should be stresses that our analysis 
was up to now restricted to the spatially flat (k = +1) spacelike brane. 

We will now extend the aforesaid analysis. We therefore consider an arbitrary scale 
factor a and include a general k taking values +1, 0, —1 in order to describe, respectively, 
the elliptic, flat, and hyperbolic horizon geometry of the SAdSc, bulk black hole. The 
modified Hubble equation is now given by 



H 2 = — + 

a z 



-k 8ttG 4 



-P 



8ttG 4 



4ttG 4 1 
3 a 2 V, 



P 



(27) 



where the volume V is now given by a?V 3 since all quantities that appear in equation ()27j1 
are defined for an arbitrary scale factor a. 

The first term in the right-hand side of equation (|27|) represents the curvature contri- 
bution to the brane motion. The second term can be regarded as the contribution from 
the radiation and it redshifts as a~ 4 . The last term in the right-hand side of equation (|2*Tj) 
is the self-gravitational correction to the motion of 4-dimensional timelike brane moving 
in the 5-dimensional Schwarzschild-anti de Sitter bulk background. Since this term goes 
like a -6 , it is obvious that it is dominant at early times of the brane evolution while at 
late times the second term, i.e. the radiative matter term, dominates and thus the last 
term can be neglected. The sign of last term is opposite with respect to the standard 
situation, one may expect that this sign difference could have interesting cosmological 
consequences. The bounce can be attributed to the negative-energy matter, which dom- 
inates at small values of a and create a significant enough repulsive force so that a big 



5 



crunch is avoided. Indeed, we will see that it is crucial in allowing a nonsingular transition 
between a contracting and an expanding evolution of the scale factor a. 
We would like to regard the last term in right-hand side of equation ([2*7]) as stiff matter 
[HI]. In particular, within the context of AdS/CFT correspondence, Mukherji, Peloso [IB] 
and Medved'47 have considered a Reissner-Nordstrom-anti de Sitter bulk background 

m 

ds 2 = -h(a)dt 2 + j-^da 2 + a 2 dn 2 (3) , (28) 

where 

j / % , a 2 e 3 M 3e 2 Q 2 

where 

£3 = ~3vT (30) 

and M, Q represent the black hole mass and charge, respectively. 

For charged black hole bulk, the brane world turns out to be a bounce cosmology [1HI 
linillZj. That is, the universe is asymptotically de Sitter in the far past, contracts to a 
non-vanishing minimum at some given time and then expands to an asymptotically de 
Sitter future. It was showed that the brane evolution is described by a Friedmann-like 
equation for radiative matter along with a stiff-matter contribution 

H 2 = zk + e 3 M 3e 2 Q 2 



a 2 a 4 16a 6 



a 2 3 r 16a 6 



If the following condition is satisfied 



Q 2 = -Moo , (32) 



then equations ([2*7]) and ([3~T]) are identical and the last term in right-hand side of equation 
([2*7]) is then regarded as stiff matter. 

The evolution of the system can be solved exactly, as one can most simply realize by using 
conformal time 7], defined as dt = a(rj)drj. Let us first consider a closed four dimensional 
geometry. In this case the solution is 



a( V ) = ^^[1 - d cos(2^, C x = ^1 - ^. (33) 

C\ is real because 2ui <C M. Hence, the universe evolves periodically, with a four dimen- 
sional radius oscillating between a maximal and a minimal size given by 



mil. ujnin 



^(liCi) 172 - (34) 



Notice that we have used the freedom in setting the origin of conformal time so that 
the minimal radius is reached at r] — mr, where n is an integer number. From the bulk 
perspective, the brane starts out from the black hole at a distance a min from the singularity 
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and moves away up to a max as it expands. At later time, it collapses at a = a min . It 
is interesting to compare the case at hand and the situation without self-gravitational 
corrections. In the latter situation, the cosmological evolution is governed by Eq. ()27j1 . 
but with uj = 0. This, in turn, means that the time dependence of the scale factor is 
given by Eq.()33|). with C\ = 1. In this case, the scale factor starts from zero size and 
expands up to a max before collapsing again to zero size. From the bulk point of view, the 
brane originates from the black hole singularity and at a latter stage it collapses again 
into the singularity. We, therefore, see that the effect of self-gravitational corrections is 
rather non-trivial, since it make the cosmology of the model free from singularities. 
For an open universe, we find the solution 



a( V ) = ^/^[C 2 cosh(2r ? ) - 1]W C 2 = ] Jl + ^. (35) 

In this case, the brane is initially contracting, and then bounces to an expanding phase. 
Again, we have set rj = at the bounce. The minimal radius is given by 



lesM^, 1/2 



(C 2 - l) 1 ' 1 (36) 



As before, a m i n — > as uj — ► 0. 

Finally, in the case of a flat universe we find 



,(/.;) = ^ 3 (M^ + |) (37) 



Also in this case we have a bouncing universe, with a minimal radius 



|u; (38) 

At late times one recovers the evolution a(i]) ~ 77 ~ t 1 / 2 , which is typical of a flat universe 
dominated by radiation. 

It is clear from the above forms that, as long as the self-gravitational corrections are 
non-vanishing, a will never shrink to zero. At the bounce (t — rj — 0) in particular, all 
three equations take the simple form 



a(0) = ^|WO(^). (39) 

Therefore, the feature of a bouncing universe would allow one to circumvent the issue of 
resolving the big bang (or crunch) singularity, which afflicts many (if not most) cosmo- 
logical models. 



4 Conclusions 

One of the striking results for the dynamic AdS/CFT correspondence is that the Cardy- 
Verlinde's formula on the CFT-side coincides with the first Friedmann equation (Hubble 
equation) in cosmology when the brane crosses the horizon a = of the SAdS 5 black 
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hole. This means that the Hubble equation knows the thermodynamics of the CFT. 
In this paper we have considered the dynamics of a 4-dimensioanl timelike FRW brane 
propagating in an 5-dimensional AdS bulk space containing a Schwarschild black hole. 
Taking into account the semiclassical corrections to the black hole entropy that arise as 
a result of the self-gravitational effect, and employing the AdS/CFT correspondence, we 
obtained the self-gravitational corrections to the Cardy-Verlinde formula. A welcomed but 
not unexpected result was that the modified entropy doesn't violate any entropy bound 
since the additional term due to the self-gravitation effect is subtractive. These self- 
gravitational corrections to the Cardy-Verlinde entropy formula express the existence of 
a deep connection between semi-classical thermodynamics and Anti de Sitter holography. 
Furthermore, the self-gravitational corrections to the associated Friedmann-like brane 
equations are obtained. The additional term in the Hubble equation due to the self- 
gravitation effect goes as a~ 6 . Thus, the self-gravitational corrections act as a source of 
stiff matter contrary to standard FRW cosmology where the charge of the black hole plays 
this role. A very interesting feature of the solutions of FRW equation is that they all (for 
k = 0, ±1) have a non-vanishing minimum value for the scale factor. That is to say, 
as long as the self-gravitational correction is non-vanishing, a singularity will certainly 
be avoided. As a consequence, we found the cosmological evolution of the universe to 
be regular, with a smooth transition between a contracting and an eventual expanding 
phase. We presented exact cosmological solutions for a (open, flat, and closed) critical 
brane. 
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